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Abstract
In this paper we study a homothetic vector field of a Bianchi type-
I model based on Lyra geometry. The cases when a displacement
vector is function of t and when it is constant are considered. In both
two cases we investigate the equation of state. A comparison between
the obtained results, using Lyra geometry, and that have obtained
previously in the context of General Relativity, based on Riemannian
geometry, will be given.
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1 Introduction
The theme of symmetries of space-time is nearly as old as the outset of
the theory of General Relativity. Symmetries play an important role in the
study of space-time, because of their interest from both a geometric and a
physical viewpoint. Symmetries have been studied in the theory of General
Relativity based on Riemannian geometry and in the theory of teleparallel
gravity based on the Weitzenbock geometry [1]. In the theory of general
relativity different kind of symmetries like isometry, homothetic, conformal,
Ricci collineations and matter collineations have been extensively studied
∗E-mail: ragab2gad@hotmail.com
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[2]-[19]. Also some of them have been studied in the theory of teleparallel
gravity, over the past few years [20]-[31].
In the context of Lyra geometry [32, 33], Gad and Alofi [34] discussed the ho-
mothetic symmetry on plane symmetric Bianchi type-I cosmological model.
They assumed that the displacement vector field is either function of the
time coordinates t or it is constant and found the homothetic vector field in
both two cases. They proved that this model is a generalization of the FRW
model. They investigated the baratropic equation of state and showed that
it is not satisfied as either the displacement vector is function of t or it is
constant.
In this paper, we will study the symmetries of Bianchi cosmological mod-
els based on Lyra geometry, in particular the homothetic symmetry of a
Bianchi type-I model relativistic cosmology. The reason for this is that this
symmetry playing a dominant role in the dynamics of Bianchi cosmological
models [35, 36].
The paper is organized as follows: In the next Section, we summarize some
of the basic concepts of Lyra geometry, which will be used through this
work. Section 3 deals with the model and evaluating the homothetic vector
field. In Section 4, we discuss the matter collineations for the model under
consideration and investigate the baratropic equation of state. Finally, in
Section 5, concluding remarks are given.
2 The Lie derivative and homothetic equation
An n-dimensional Lyra manifold M is a generalization to the Riemannian
manifold [32]. For any point p ∈ M we can define the coordinate sys-
tem {xµ}nµ=1. In addition to these coordinates there exist a gauge function
xo = xo(xµ)nµ=1, which together with {x
µ}nµ=1 forms the so called a refer-
ence system transformation (xo, xµ)nµ=1. In Lyra geometry the metric or the
measure of length of displacement vector ζµ = xodxµ between two points
p(xµ)nµ=1 and q(x
µ+dxµ)nµ=1 is given by absolute invariant under both gauge
function and coordinate system
ds2 = gµνx
odxµxodxν ,
where gµν is a metric tensor as in Riemannian geometry.
In Lyra geometry, a generalized affine connection characterized not only by
the Riemannian connection, { αµν}, but also by a function φµ, which arises
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through gauge transformation, and it is given by
Γαµν = (x
o)−1{ αµν}+
1
2
(δαµφν + δ
α
ν φµ − gµνφ
α), (2.1)
where φ is called a displacement vector field and satisfies φα = gαβφβ. We
consider φ to be a timelike vector, where
φµ = (β(t), 0, 0, 0). (2.2)
The covariant derivative for a vector field η can be defined as follows
∇µη
ν = 1
xo
∂µη
ν + Γνµαη
α,
∇µην =
1
xo
∂µην − Γ
α
µνηα.
(2.3)
where Γσµν is a Lyra connection given by equation (2.1).
For a covariant tensor of second rank the covariant derivative is
∇ρQµν =
1
xo
Qµν,ρ − Γ
σ
ρνQµσ − Γ
σ
µρQσν . (2.4)
The Lyra connection is metric preserving:
∇νgαβ =
1
xo
gαβ,ν − gαµΓ
µ
βν − gµβΓ
µ αν = 0. (2.5)
In Riemannian geometry, the Lie derivative of any tensor with respect to
a vector field can be expressed through the covariant derivative of that
tensor and the vector field. With this consideration, the definition of the
Lie derivative of this tensor in Lyra geometry is
£ηQµν = (∇ρQµν)η
ρ + (∇µη
ρ)Qρν + (∇νη
ρ)Qµρ, (2.6)
where ∇ is the covariant derivative as defined in (2.4).
Inserting equation (2.4) into the above equation, we get
£ηQµν = η
ρ(
1
xo
Qµν,ρ − Γ
σ
ρνQµσ − Γ
σ
µρQσν) +Qρν(
1
xo
ηρ,µ + Γ
ρ
µση
σ)
+Qµρ(
1
xo
ηρ,ν + Γ
ρ
σνη
σ). (2.7)
From equation (2.6), using (2.5), if Qµν = gµν , we have
£ηgµν = gρν∇µη
ρ + gµρ∇νη
ρ.
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As in Riemannian geometry if
£ζgµν = gρν∇µζ
ρ + gµρ∇νζ
ρ = 2ψgµν , (2.8)
where ψ is a constant, then ζ is called homothetic vector field and the above
equation is called homothetic equation. It is worth mention here if ψ = 0,
then equation (2.8) is called Killing equation and ζ is called a Killing vector
field.
3 The model and homothetic vector field
A Bianchi type-I cosmological model of the Universe attracted considerable
attention in the relativistic cosmology literature. It may be due to the fact
that the model is the straightforward generalization of the flat Friedman-
Robertson-Walker (FRW) model. It is also one of the simplest models of
the anisotropic Universe that describes a homogeneous and spatially flat
Universe. Moreover, This space-time has a different scale factor in each
direction, thereby introducing an isotropic to the system, unlike the FRW
space-time which has the same scale factor for each of the three spacial
directions.
We consider Bianchi type-I metric in the form:
ds2 = dt2 −A2(t)dx2 −B2(x, t)dy2 − C2(x, t)dz2, (3.1)
with the convention (x0 = t, x1 = x, x2 = y, x3 = z), A is a function of t
only and B and C are functions of x and t.
For a vector field ζ = ζµ(t, x, y, z)4µ=1, the homothetic equations (2.8) for
the model (3.1), using (2.1) and apart from the factor 1
xo
, i.e., we choose the
normal gauge xo = 1, are reduced to the following system of equations:
ζ1,1 + (
A˙
A
+
1
2
β)ζ0 = ψ, (3.2)
A2ζ1,2 +B
2ζ2,1 = 0, (3.3)
A2ζ1,3 + C
2ζ3,1 = 0, (3.4)
ζ0,1 −A
2ζ1,0 = 0, (3.5)
ζ2,2 +
B′
B
ζ1 + (
B˙
B
+
1
2
β)ζ0 = ψ, (3.6)
4
B2ζ2,3 + C
2ζ3,2 = 0, (3.7)
ζ0,2 −B
2ζ2,0 = 0, (3.8)
ζ3,3 +
C ′
C
ζ1 + (
C˙
C
+
1
2
β)ζ0 = ψ, (3.9)
ζ0,3 − C
2ζ3,0 = 0, (3.10)
ζ0,0 +
1
2
βζ0 = ψ. (3.11)
Solving equation (3.11) and using the result back into equations (3.5), (3.8)
and (3.10), we get
ζ0 = [ψ
∫
e
1
2
∫
βdtdt+ c0]e
−
1
2
∫
βdt, (3.12)
ζ1 = F1(x, y, z),
ζ2 = F2(x, y, z),
ζ3 = F3(x, y, z),
where c0 is a constant of integration and F1(x, y, z), F2(x, y, z) and F3(x, y, z)
are arbitrary functions which are to be determined.
Differentiating (3.2) with respect to t and using (3.11) and (3.12), we have
A˙
A
+
1
2
β =
a
[ψ
∫
e
1
2
∫
βdtdt+ c0]e
−
1
2
∫
βdt
, (3.13)
where a is a constant of integration. Substituting this result back into (3.2),
using equations (3.3) and (3.4), gives
ζ1 = (ψ − a)x+ c1, (3.14)
where c1 is a constant of integration.
Using the above results, we find from equations (3.3), (3.4) and (3.7) that
ζ2 depends only on y and ζ3 depends only on z. Consequently, we get from
equations (3.6) and (3.9) that
B(x, t) = C(x, t), (3.15)
ζ2 = ψy + c2, (3.16)
ζ3 = ψz + c3, (3.17)
5
where c2 and c3 are constants of integrations.
Without loss of generality, we assume that c0 = c1 = c2 = c3 = 0, there-
fore, from equations (3.12), (3.14), (3.16) and (3.17) we obtain the following
homothetic vector field
ζ = ([ψ
∫
e
1
2
∫
βdtdt]e−
1
2
∫
βdt) ∂t + (ψ − a)x ∂x + ψy∂y + ψz∂z . (3.18)
All the above considerations lead to the following theorem:
Theorem 3.1 In Lyra geometry, if a displacement vector is function of t,
that is, β = β(t), a Bianchi type-I space-time described by metric (3.1)
admits the homothetic vector field (3.18) if
B(x, t) = C(x, t),
A˙
A
+
1
2
β =
a
[ψ
∫
e
1
2
∫
βdtdt]e−
1
2
∫
βdt
,
and
(ψ−a)xB′′+(ψ−a)B′+(B˙′+
1
2
βB′)([ψ
∫
e
1
2
∫
βdtdt]e−
1
2
∫
βdt) = 0. (3.19)
proof:
From the above calculations, putting c0 = 0 in (3.12), the first and second
relations are satisfied. Inserting the components of the homothetic vector
field into (3.9), using the second relation, and differentiating the result with
respect to x, we obtain the relation (3.19).
Now we discuss the case when the displacement vector is constant, that is,
β = constant.
From equation (3.12), we have
ζ0 = (
2ψ
β
e
1
2
βt + c0)e
−
1
2
βt.
Hence in this case, putting c0 = 0 in (3.12), the homothetic vector field is
ζ =
2ψ
β
∂t + (ψ − a)x ∂x + ψy ∂y + ψz ∂z. (3.20)
Also, from equation (3.13), we have
A˙
A
+
1
2
β =
a
(2ψ
β
e
1
2
βt)e−
1
2
βt
,
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Integrating this equation, we get
A(t) = a0(
2ψ
β
e
1
2
βt)
a
ψ e−
1
2
βt, (3.21)
where a0 is a constant of integration.
Due to the previous considerations we can state the following:
Theorem 3.2 In Lyra geometry, if a displacement vector is constant, a
Bianchi type-I space-time described by metric (3.1) admits the homothetic
vector field (3.20) if
B(x, t) = C(x, t),
A(t) = a0(
2ψ
β
e
1
2
βt)
a
ψ e−
1
2
βt,
and
(ψ − a)xB′′ + (ψ − a)B′ + (B˙′ +
1
2
βB′)((
2ψ
β
e
1
2
βt)e−
1
2
βt) = 0..
It is interesting to note that, if one consider the particular class of models
(3.1) for which the scale factors B(t, x) and C(t, x) are functions of t only,
this allow us to compare our results with that obtained in the theory of
General Relativity. In this case and after a straightforward calculations,
using the above procedure for finding the components of the homothetic
vector field, we get
1. The components ζ0 and ζ1 of the homothetic vector field are the same
as given, respectively, in equations (3.12) and (3.14).
2. From equations (3.6) and (3.9), we get, respectively
ζ2 = (ψ − b)y + b1, (3.22)
ζ3 = (ψ − d)z + d1, (3.23)
where b1 and d1 are constants of integration and the constants b and
d are given from the following relations, after using equations (3.12)
and (3.14) in equations (3.6) and (3.9)
B˙
B
+
1
2
β =
b
[ψ
∫
e
1
2
∫
βdtdt+ c0]e
−
1
2
∫
βdt
, (3.24)
C˙
C
+
1
2
β =
d
[ψ
∫
e
1
2
∫
βdtdt+ c0]e
−
1
2
∫
βdt
. (3.25)
We note that in this case B(t) 6= C(t).
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From equations (3.12), (3.14), (3.22) and (3.23), putting c0 = c1 = b1 =
d1 = 0, we obtain the following homothetic vector field
ζ = [ψ
∫
e
1
2
∫
βdtdt]e−
1
2
∫
βdt ∂t+(ψ−a)x ∂x+(ψ−b)y ∂y+(ψ−d)z ∂z. (3.26)
Putting a = b = d in equations (3.13) , (3.24) and (3.25), by integrating
them and equally between the integration constants, we get
A(t) = B(t) = C(t) = a0 exp(
∫
(
a
[ψ
∫
e
1
2
∫
βdtdt]e−
1
2
∫
βdt
−
1
2
β)dt). (3.27)
Now the following result has been established:
Theorem 3.3 In Lyra geometry, if a displacement vector is function of t,
a Bianchi type-I space-time with scalar factors are functions of t only, is a
FRW cosmological model with scalar factor behaves as
a20 exp (
∫
(
2a
[ψ
∫
e
1
2
∫
βdtdt]e−
1
2
∫
βdt
− β)dt).
In the case β= constant, the above homothetic vector field becomes
ζ =
2ψ
β
∂t + (ψ − a)x∂x + (ψ − b)y∂y + (ψ − d)z∂z . (3.28)
Integrating the relations (3.24) and (3.25), we get, respectively
B(t) = b0(
2ψ
β
e
1
2
βt + c0)
a
ψ e−
1
2
βt, , (3.29)
C(t) = d0(
2ψ
β
e
1
2
βt + c0)
a
ψ e−
1
2
βt, , (3.30)
where the non-zero constants b0 and d0 are constants of integration.
As in the above theorem the following result has been established:
Theorem 3.4 In Lyra geometry, if a displacement vector is constant, a
Bianchi type-I space-time with scalar factors are functions of t only, is a
FRW cosmological model with scalar factor behaves as follows
A2(t) = B2(t) = C2(t) = a20(
2ψ
β
e
1
2
βt + c0)
2a
ψ e−βt.
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To compare our results with that obtained in the theory of General Rela-
tivity based on Riemannian geometry, we put β = 0 and assume ψ = 1 for
simplicity. From theorem (3.1), β = β(t), the homothetic vector becomes
ζ = t ∂t + (1− a)x ∂x + y ∂y + z ∂z,
but from theorem (3.2), β =const., we can not compare the results with
that obtained in the theory of General Relativity, because in this case the
component ζ0 tends to infinity when β = 0.
From theorem (3.3), β = β(t) and the scalars factors are functions of t only,
the homothetic vector field takes the following form
ζ = t ∂t + (1− a)x ∂x + (1− b)y ∂y + (1− d)z ∂z, (3.31)
and from equations (3.13), (3.29) and (3.30), the scale factors behave as
follows
A(t) = a0t
a, (3.32)
B(t) = b0t
b, (3.33)
C(t) = d0t
d. (3.34)
Now we conclude that the homothetic vector field given by (3.31) and with
the above constrains on the scalar factors is the same as obtained in the
theory of General Relativity [37, 38].
From theorem (3.4), β = const., when we assume that β = 0 due to both
ζ0 and the scalar factors tend to infinity. Therefore, in this case we can
not compare the results obtained using Lyra geometry with that obtained
in General Relativity using Riemannian geometry.
4 Matter collineation
In recent years, much interest has been shown in the study of matter collineations
(MCs) (see for instance [39], [40], [41], [42])
A vector field along which the Lie derivative of energy-momentum tensor
vanishes is called an MC, that is
£XTµν = 0 ,
where X is the symmetry or collineation vector. Also, assuming the Ein-
stein’s field equations, a vector X generates an MC if £XGµν = 0 .
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It is obvious that the symmetries of the metric tensor (isometries) are also
symmetries of the Einstein tensor Gµν , but this is not necessarily the case
for the symmetries of the Ricci tensor (Ricci collineations) which are not, in
general, symmetries of the Einstein tensor.
If X is a Killing vector (or a homothetic vector) then £XTµν = 0 , thus
every isometry is also an MC but converse is not true, in general.
In the theory of General Relativity Cahill and Taub [7] and Bicknell and
Henriksen [15] (see also [43]) pointed out, if the matter field is a perfect
fluid, then the only baratropic equation of state which is compatible with
self-similarity (characterized by the existence of homothetic vector field) is
of the form
ρ = kp, (4.1)
where ρ is the total energy density, p is the pressure and k is a constant in the
range 0 ≤ k ≤ 1. This equation of state is nevertheless physically consistent
in the whole range of k. When k = 0, the above equation describes dust
and k = 1/3 gives the equation of state for radiation.
It is of interesting to assume that the matter of field in space-time under
consideration is represented by a perfect fluid, that is, the energy-momentum
tensor is defined by
Tµν = (ρ+ p)uµuν − pgµν , (4.2)
where, for the space-time (3.1), uµ = (1, 0, 0, 0), uµuµ = 1, is the four-
velocity vector field. This allows us to compare our results with that the
results obtained previously in the theory of General Relativity.
Using the components of the homothetic vector (3.18) in the definition of
Lie derivative (2.7) for the energy-momentum tensor, Tµν , (4.2), then for the
space-time (3.1) the equation £ζTµν = 0 , reduces to the following equations
ζ0T00,0 + ζ
1T00,1 + 2T00ζ
0
,0 = 0,
ζ0T11,0 + ζ
1T11,1 + 2T11ζ
1
,1 = 0,
ζ0T22,0 + ζ
1T22,1 + 2T22ζ
2
,2 = 0,
ζ0T33,0 + ζ
1T33,1 + 2T33ζ
3
,3 = 0.
(4.3)
Now, we assume that both the pressure and density for the space-time under
consideration are functions of t only. Therefore, for the space-time (3.1), the
first equation in (4.3), using equations (4.2) and (3.12) and assuming c0 = 0,
reduces to
ρ =
r1
([ψ
∫
e
1
2
∫
βdtdt]e−
1
2
∫
βdt)2
, (4.4)
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where r1 is a constant of integration.
From the second equation of the system (4.3), taking into account equation
(3.12), we have
p = r2 exp (
∫
(−
(2ψ − a)
[ψ
∫
e
1
2
∫
βdtdt]e−
1
2
∫
βdt
+
1
2
β)dt), (4.5)
where r2 is a constant of integration.
From the third equation of the system (4.3), using equation (3.6), we get
p = r3 exp (
∫
(
−2ψ
[ψ
∫
e
1
2
∫
βdtdt]e−
1
2
∫
βdt
+
1
2
β)dt), (4.6)
where r3 is a constant of integration.
Assuming r2 = r3, equations (4.5) and (4.6) imply that a = 0. Consequently,
a homothetic vector which is an MC vector, using theorem (3.1) has the
following form
ζ = ([ψ
∫
e
1
2
∫
βdtdt]e−
1
2
∫
βdt) ∂t + ψx∂x + ψy∂y + ψz∂z . (4.7)
In this case
A(t) = a0e
−
1
2
∫
βdt.
From equations (4.4) and (4.6) it is not easy to find relation between ρ and
p, therefore, we have the following interesting result:
In Lyra geometry, if a displacement vector is function of t, then the barat-
ropic equation of state (4.1) is not satisfied, in contrast of General Relativity.
Now, we discuss the case when the displacement vector is constant, that is,
β = constant, in this case the density and the pressure, respectively, are
ρ =
r1β
2
4ψ2
, (4.8)
p = r2e
−
1
2
βt, (4.9)
It is not easy to find relation between ρ and p from (4.8) and (4.9). There-
fore, the baratropic equation of state can not be satisfied in the case when
β = const.
Now, we conclude that when we study the space-time using Lyra geometry,
so the equation of state is not satisfied, whether the displacement vector is
function in time or it is constant.
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Now, we will compare our results with that obtained in the theory of
General Relativity, to do this, we put β = 0 and assume ψ = 1, for simplicity.
In the case when β = β(t), from equations (4.4) and (4.6), the density and
pressure take, respectively, the following forms
ρ =
r1
t2
, (4.10)
p =
r2
t2
. (4.11)
To satisfy the equation of state (4.1), we put r1
r2
= k in the above equations,
that is, for the space-time under consideration the baratropic equation of
state is satisfied in the theory of General Relativity.
We note that in the case when β = const., from equation (4.8), the density ρ
tends to zero. This is contrary to the assumption that the space-time (3.1)
is represented by a perfect fluid. Therefore, in this case we can not compare
our results with that obtained in the theory of General Relativity.
5 Discussion and conclusion
This work is devoted to studying the symmetries, in particular homothetic
symmetry, of a Bianchi type-I space-time in the framework of Lyra geometry.
We have focussed in this kind of symmetries since a space-time admitting
it is stable from the dynamical system point and therefore is in important
from the physical one. For a Bianchi type-I space-time, we have obtained
the homothetic vector field in the context of Lyra geometry, by assuming
that the displacement vector field is either function of the coordinate t or it
is constant. In these two cases, we have proved that a Bianchi type-I model
is a generalization of the FRW model, this result agrees with that obtained
in the theory of General Relativity. In this paper, we have classified the
space-time (3.1) according to admitting a homothetic vector field. Moreover,
we have explained the matter collineation symmetry, by assuming that the
matter field is represented by perfect fluid. This allowed us to obtained the
homothetic vector field which is a matter collineation vector field, and gave
the possibility to investigate the baratropic equation of state (4.1). In the
context of Lyra geometry, we found that this equation is not satisfied either a
displacement vector is function of t or it is constant. The only classifications
of the space-time under consideration which lead to satisfy the baratropic
equation of state in the General Relativity, by assuming β = 0, are the
solutions for which a displacement vector field is function of t. This work
12
can be extended to other space-times to make a comparison of symmetries
of cosmological models in the framework of Lyra geometry and in the theory
of General Relativity.
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